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Abstract 

In this paper we will discuss the effect of a having a boundary on the 
supersymmetric invariance and gauge invariance of the Bagger-Lambert- 
Gustavsson (BLG) Theory. We will show that even though the supersym- 
metry and gauge invariance of the original BLG theory is broken due to 
the presence of a boundary, it restored by the addition of suitable bound- 
ary terms. In fact, to achieve the gauge invariance of this theory, we 
will have to introduce new boundary degrees of freedom. The boundary 
theory obeyed by these new boundary degrees of freedom will be shown 
to be a generalization of the gauged Wess-Zumino-Witten model, with 
the generators of the Lie algebra replaced by the generators of the Lie 
3-algebra. The gauge and supersymmetry variations of the boundary the- 
ory will exactly cancel the boundary terms generated by the gauge and 
supersymmetric variations of the bulk theory. 



1 Introduction 

Bagger-Lambert-Gustavsson (BLG) theory is a superconformal field theory with 
Af = 8 supersymmetry [2 [SJ [31 01 [5] . This is thought to be the theory that de- 
scribes the low energy behavior of would volume of multiple M2-branes. In this 
theory fields take value in a Lie 3-algebra rather than a regular Lie algebra. The 
BLG theory has been analysed in Af = 1 superspace [SI E], Af = 2 superspace 
[51 [S] , and Af = 8 superspace [TU1 HI] . In this paper we will perform our anal- 
ysis in AT = 1 superspace. Higgs mechanism for the BLG theory has also been 
studied in Af = 1 superspace formalism [7]. Thus, higher derivative corrections 
to super- Yang-Mills on D2-branes have been analysed in Af = 1 superspace. 

Just like in string theory, strings can end on D-branes, in M-theory M2- 
branes can end on M5-branes. So, the M2-brane can be viewed as string like 
soliton of the non-linear world volume equations of motion. In fact, this soliton 
is known as the self dual string [12]. In analogy with D1-D3 system this the 
ending can also be described as a fuzzy S 3 funnel solution of the Basu-Harvey 
equation (T3l HH [15] . Thus, by studding M2-branes with boundaries, we can 
understand the dynamics of A/5-branes. In fact, the equation of motion of a M5- 
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brane have been derived by demanding the K-symmetry of the open membrane 
action [TO1H7]. 

In addition to this M2-branes ending on M9-branes and gravitational waves 
have also been analysed [15]. Boundary effects for the BLG theory with fluxes, 
on a manifold with boundaries, have been studied [19l [20]. The fact that the 
fields take values in a Lie 3-algebra is crucial in the construction of the the 
BLG theory. However, only one example of a Lie 3-algebra is known and it 
has been difficult to increase the rank of the gauge group. So, usually another 
theory called the ABJM theory is studied as the theory of multiple Af2-branes 
[21] . This theory has only manifest Af = 6 supersymmetry, but it is expected 
to be enhanced to full Af = 8 supersymmetry [22 . This theory agrees with the 
BLG theory for the only example of the Lie 3-algebra known [23]. The super- 
symmetric and gauge invariance of the ABJM theory in presence of boundaries 
has been already been studied. In fact, a gauge invariant model has been con- 
structed by coupling the bosonic ABJM in presence of boundaries to a gauged 
Wess-Zumino-Witten model living on the boundary [24]. The supersymmetric 
invariance of general field theories in presence of boundaries has been studied in 
Af = 1 superspace formalism [25] . This formalism has also been used to analyse 
the supersymmetry of the gauge part of the ABJM theory [25] . 

In this paper we will analyse the BLG theory with a boundary in Af = 
1 superspace formalism. We will observe that like the ABJM theory, both 
supersymmetric and gauge invariant is broken due to the presence of a boundary. 
However if we suitable coupled the bulk BLG theory to a boundary theory, the 
resultant theory can be made both gauge invariant and supersymmetric. We 
will find that the theory that is needed to make the bulk BLG theory gauge 
invariant is a generalization of the gauged Wess-Zumino-Witten model, with 
the gauge symmetries generated by the Lie 3-algebra. 



2 Super- Covariant Derivatives 

Three dimensional non-abelian supergauge theory in Af = 1 superspace formal- 
ism has been throughly analysed [28] and boundary effects in abelian supergauge 
theory have also been studied [25j . In this section we will analyse the boundary 
effects in supergauge theory, with the gauge symmetry generated by generators 
of the Lie 3-algebra. To do so we first review some properties of a Lie 3-algebra 
[27] . A Lie 3-algebra A is defined by 

[T A ,T B ,T C ] = f ABC T D . (1) 

where T A are the generators of this Lie 3-algebra and f^ BC are the structure 
constants. These structure constants are totally antisymmetric in A 7 B, C and 
are subject to the fundamental identity resembling the Jacobi identity for Lie 
algebras, 

/r/f G = o. (2) 

It is useful to define another constant constructed from these structure constant 
as 

n AB,CD _ f AB[C j-D] ,„x 
— Z J[E °F] ■ W 
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These constants are anti-symmetric in the pair of indices AB and CD and also 
satisfy a kind of Jacobi identity [57] , 

n AB,GD n GH,EF , n GH.AB n CD,EF , n C D ,GH n AB .GH _ n , ,\ 

U EF KL + EF ^KL + EF KL ~ U - W 

This Lie 3- algebra is also accompanied by a metric h AB = Tr(T A T B ) which is 
used to raise and lower the indices. 

Now the scalar superfields X 1 and X> are suitably contracted with the gen- 
erators of this Lie 3-algebra, X 1 — X ai Ta, and X 1 ^ = X ia1< Ta, and transform 
under infinitesimal gauge transformations as 

8X IA = iA AB X B , 

5X IA t = -tX'jA AB . (5) 

It is convenient to define A = A ab TaTb and the following super-covariant 
derivatives of these superfields 

^ a X A = D u Xa — if A 3CD T a BcXl :) , 

v Q x£ = D a x I J + i f BCD x I Jr aBC , (6) 

where 

D a = d a + (Tfdjfa. (7) 

It is also convenient to define r a as a matrix valued spinor superfield suitable 
contracted with generators of a Lie 3-algebra, T a — T ab TaTb- This matrix 
valued spinor superfield transforms under gauge transformations as 

6T a = V a A, (8) 

where 

V a A = [D a K AB + C c A B> EF Y C DaA EF ]T A T B . (9) 
In fact, we will define the covariant derivative on T AB as follows 

(V ' a T )AB = D a T AB + C A g' EF Tc'Da^bEF- (10) 

It is useful to define ordinary gauge covariant derivatives for component of 
matter and gauge superfields. Thus, if a A and a A are components of the matter 
fields then the ordinary gauge covariant derivatives for them are given by 



V^af = d^af + if^aPA^c. (11) 

Similarly, the ordinary gauge covariant derivative for the component fields e AB 
of the gauge superfield is given by 

D^ab = d^eiAB + C A g' EF A^cd^ief- (12) 
Here A AB is the ordinary gauge connection which is given by 

A» AB = -\[{V a W) b a T b ) A % (13) 
where '\' means that the quantity is evaluated at 9 a = 0. 
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Now we can calculate the following 

= {D a 5°-if* CD T aCD ) 

x(D 6 jg-i/^ FG r tBF )^ 

-(D b d^-if^ CD T bCD ) 

ADJ%-lfE FG ^aEF)X I G 

= 2(^V li X I ) A , (14) 



and 



({V a ,V 6 }I% = (V a V 6 X 7 ) A + (V 6 V a X 7t ) A 

= (A^ + */f CI3 r aCD ) 

x( J D a <5g+z.^ FG r aBF )^ t 
= 2( 7a W^U. (15) 



We also have 

({v ,v 6 }r c ) AB = (S7 a v b r c ) AB + (\7 b v a T c ) AB 

= (D a 6p§ + C^ EF T aCD ) 
x(D b S%dP +Ce" 

-W^| + c c ^ BF r 6CD ) 

^•(D a 5 B Sp + Cgp' LM r o,gh)T 'cLM 
= 2(7^2? M r c ) AB . (16) 

Using X A T A = X 7 , X^T A = X 1 ^ and T cAB T A T B = T c , we have 

{V a ,V fc }X / = 2 7a ^X 7 , 
{V a ,V b }^ Jt = 2 7a W^ 
{V a ,V b }r c - 2 7a ^r c . (17) 

Now we can write (\7 a V b X I )A, (V ' a V b X I ^)A and (V a V{,r c ) A B as a half of the 
sum of there commutator with its anticommutator, 

{VaWkX^A = I({V ,V6}X 7 ) A + i([V a ,V6]X J ) A , 

(VaVbX^A = i({V a ,V b }X / t) A + i([V a ,V b ]X / t) yl , 

(v a v h r c ) AB = ^({v ,v 6 }r c ) AS + i([v a ,v 6 ]r c ) As . (is) 

However, for A/" = 1 superfields in three dimensions the indices V are two- 
dimensional. Thus, the anticommutator ([V a , \7 b ]X r )A, ([V a , \7 b ]X I1 >)A, and 
([V , Vfc]r c ) A B must be proportional to anti-symmetric tensors some (C ab X I )A, 



4 



(C ab X I ' s ) A , and {C ab T c ) AB , respectively. So, we find 

{V a V b X ! ) A = ((7^ - C ah V 2 )X I ) A , 



(\7 a V b X^) A = ((7^ - C ab V 2 )X^) A , 
(V a V 6 r c ) AB = ((7^X7, - C ab V 2 )T c ) AB . (19) 



Now using |2"5] 



D a D b D c = -£>„{A„ A} - ^(.Pa, A} + ^^{-Da, A,}, (20) 
along with Eqs. © and (jlj), we get, 

(V a V fe V c X J )^ - ^(VajV^VjX^A-^V^V^Vj^),! 
+ ^(V c {V a ,V h }X / U, 



(VaVbVc^t)^ = i(V a {V h ,V c }X 7t ) A -i(V h {V a ,V c }X 7t ) 
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-(V c {V a ,V h }A^ M , 



(v a v 6 v c r d ) AB = -(v a {v 6 ,v c }r d ) A B - J(V6{v„,v c }r d )^ B 



2 , „ L „, -J-"/- 2 

+^(Vc{v a! v 6 }r d ) A B. (21) 

Thus, we get 

(v a v b v a x 7 )^ = (v Q v b v a x / t) A = ((v a v b v a r c ) AB = o, (22) 



and 



(V 2 V a I 7 )i - (( 7 M V)a^^ 7 )A, 

(v 2 v a r c ) AB = ((7"V) a p M r c ) AB . (23) 



3 Boundary Super-Covariant Derivatives 

In the previous section we analysed some properties of super-covariant deriva- 
tives for a gauge theory where the gauge symmetry is generated by a Lie 3- 
algebra. In this section we will analyse the effect of having a boundary on these 
super-covariant derivatives. We start by having a boundary at fixed x 3 . Thus 
our indices for the coordinates will splits as fi = (m, 3). We will denoted the 
induced value of the fields X, X\ T a , A on the boundary by X' , X^ , T' a , A' and 
the induced value of the super-derivative D a and the super-covariant derivative 
V a on the boundary will be denoted by D' a and V„, respectively. This boundary 
super-derivative D' a is obtained by neglecting 7 3 c?3 contributions in D ai 

D' a = d a + h m d m ) b J b . (24) 
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The boundary super-covariant derivative can thus be written as 

{V a x'') A = D' a x I ' A - if ^ D r' BCa x I ' D , 

(V a X^') A = D' a X^ A + if^ D X^' D T' BCa , 

(V a T' b )AB = D' a r' bAB + c AB ' r' CDa r' bEF , 

(V a A')AB = D' a A' AB +C^ EF T' CDa A' EF . (25) 

In fact, this notation will be used to denote all boundary quantities along with 
the induced value of any bulk quantity on the boundary. Thus, this conven- 
tion will be followed even for component fields of superfields. Now we define 
projection operators P± as 

{P±)ab^\{C ab ±{ 1 Z ) ab ). (26) 

These projection operators can be used to project the super-covariant derivative 
V a as, V ±6 = (P±)JV„, and V' ±6 as, V' ±6 = (P±)JV' , where V' ±(J is the induced 
value of V± a on the boundary. Similarly, for the ordinary gauge covariant 
derivatives we have (P±^ m ) a b' r) m = (7 ± )ab^>±, where 7 ± — 7 ° ± 7 1 and V± = 
\{T>o ±T>i). Now we can calculate the projected values of the super-covariant 
derivative acting on X A 

(V +0 V +6 X j )a = ((P + ) c a (P+)i(y c V d X I ) A 

= -(( 1 +) ab V + X I ) A , (27) 

(V_ a V_ 6 X J )^ = ((P-)^(P_)^(V c V d X / )A 

= -(( 1 -) ab V^X I ) A , (28) 

(v_ v +6 x J )^ = {{P-fAP+tiv^dX^A 

= -((P_) ab (2? 3 + V 2 )X / U, (29) 

(V+aV-bX'U = {{P+UP^iV^dX^A 

= -((P+Ui-Vs + S/^X^A- (30) 

Similarly, we can calculate the projected values of the super-covariant derivative 
acting on X A 

(\7 +a V +b X^) A = ((P + r a (P + ) d b (V c VdX^) A 

= -((j+UV+X'^a, (31) 

(V- a V- b X^U = {{P-)l{P-) d b {V c V d X^) A 

= -((j-jabV-X'^A, (32) 

(v_ a v +b x / t )A = {{p_y a {p + y b {v c v d x^) A 

= -((P_) ab (2? 3 + V 2 )X / t) A , (33) 

(v+aV-bX^u = ((p + y a (p_) d b (v c VdX^)A 

= -({P + ) ab (-V, + V 2 )X^) A . (34) 

Finally we can calculate the projected value of the super-covariant derivative 
acting on Tf B 

(v +a v +b r c ) AB = ((p + y a (p + ) d b (\7 c \7 d r c ) A 
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= -((l + ) ab V + X I ) AB , (35) 

(v_ a v_ b r c ) AB - ((p_y a (p_) d b (v c v d T c ) A 

= -(("f-)abV-X I ) AB , (36) 

(v_ a v + ,r c ) AB = ((p_y a (p + ) d b (v c v d r c ) A 

= -((P_) ab (2? 3 + V 2 )X / ) AB , (37) 

(v +a v_ b r c ) AB = ((p + y a (p_) d b (v c v d r c ) A 

= -((P + ) ab (-P 3 + V 2 )X / ) AB . (38) 

Suitably contracting the fields with generators of the Lie 3 algebra as X I A T A = 
X 1 , X'JT A = X 1 ^ and T cAB T A T B = T c , we get the following algebra 



{V +a ,V +b }X J = 
{V_ a ,V +6 }X 7 = 
{V_ a ,V_ 6 }X J t = - 

{v +a ,v +6 }r c = 
{v_ a ,v +b }r c - 



-2(P_) ab 2? 3 ^ / , 
-2( 7 -) ab P_X / t, 

= -2( 7 +) ab 2?+r c , 
= -2(p_) ab p 3 r c . 



{V_ a ,V_ 6 }X J = 
{V +a ,V +6 }X 7 t = 

{v_ a ,v +b }x J t = 
{v_ a ,v_ b }r c = 



-2( 7 -) ab 2?_X / , 

-2( 7 +) ab 2?+X 7 t, 

-2(P_) ab 2? 3 X / t, 

-2( 7 -) ab i?_r c , 

(39) 



Now we have effectively decomposed TV = 1 superfields in three dimensions into 
TV = (1, 0) in two dimensions. The generators of the TV = 1 supersymmetry in 
three dimensions is 

Qa = a - (7"0„)*06. (40) 

This generator of TV = 1 supersymmetry in three dimensions splits into Q± a = 
P± a Qb in two dimensions, 

e a Qa = e a -Q- a + e a+ Q +a , (41) 

where e a ± = P± a eb- It can be shown that these generators of the supersymmetry 
in presence of a boundary satisfy 

{Q+a, Q+b} = 2(l + )abd+, {Q- a , Q-b} = 1(^)^0-, 

{Q-a,Q+b} = 2(P_) ab d 3 , (42) 

where d± = |(cJo ± #1). It may be noted in absence of a boundary term this 
algebra is actually the algebra of two copies of TV = 1 supersymmetric theories 
in two dimensions. 



4 Supersymmetry in Presence of a Boundary 

To analyse the boundary effects in the BLG theory we first construct the BLG 
theory on manifolds without boundaries. The Lagrangian for the BLG theory 
in TV = 1 superspace formalism is given by 

£blg — C-cs + C-ke + £v (43) 

where Ccs is the Chern-Simon term, Cke is the the kinetic energy term and 
Ly is the potential energy part term of the BLG theory. In our notations a trace 
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over the Lie 3-algebra will be assumed in the Lagrangian of the BLG theory. 
Now the Chcrn-Simon term is given by 



k 



where 



lcs = -^V A ^ U T a AB tl aCD ]\. (44) 



QaAB — UJaAB ~ -^C A g :EF [T bCD 7 T abEF ] (45) 
UaAB — -^D b D a TbAB — iC^g' EF [r^-. D ,DbT a EF] 



-C A g ,EF C^p JJ [T b CD , {TbGH^au}}, (46) 



abAB 



D( a r b ) AB -2iC AB ,EF {T aC D,^bEF} ■ (47) 



The covariant divergence of uj ci ab vanishes 

(V a oj a ) AB = [D a 5 E 5 F + C^- EF T a CD ]oj aEF 



-S E SgD a D b D a T bE F - iC^p' LM S E dgD a [T b CD , D b T aLM ] 

1 n CD.LM n GH,IJ cE cF n a r^6 r 1 1 

~3 C EF C LM d A d B U [1 CD-: W bGH, A alj \\ 

■ n CD,EF n IJ,LM r a r r 6 nr i 
~ ILj AB £F CZ)L IJi aLM] 

1 n CD.LM n GH,IJ n ST,EF r a \ r b t r r 11 

~3 C EF C LM C AB 1 CDlL ST; i 1 bGH,L alj}\ 
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+ 2 < ^AB^ EF ^CD D '' r) a^bEF 
= 0, (48) 

here we have used D a D b D a = 0, [25]. Now the components of T AB are given 

by 

xt B = [^% A AB = - 1 -[(VT a ) A % 
A» AB = -\[{V a {-f) h a T h ) A % E AB = -[{V b V a T b ) AB ] b (49) 

and so the components of the u AB can now be written as 

[(V a (7n b a"b) AB ]\ = e^F AB , {(V a uj a ) A % = 0, 
-[(V b V Q ^) AB ]| = 2((^vXEb) AB , [u AB ]\ = E AB , (50) 

where e^up is an anti-symmetric tensor. Thus, the component form for Chern- 
Simons term can be written as 



c k 

CcS ~ 4^ 



e""> ( f ABGD A^ab d v A pCD + \c G A D B EF A AB A vCD A pEF 



+f ABCD (E a AB E aCD + (Vp X a (r) b a)ABE bC D 

+ (X a (r) b a)AB(V,E b ) CD )} . (51) 
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The Kinetic energy term for the BLG theory can be written as 

Cke = -iv 2 [(V a X J ) A (V„X))^]|, (52) 

and the potential term for the BLG theory can be written as 

Cv = - 2 ^[e UKL f ABCD XiX^X J c X^\ (53) 

This theory is manifestly invariant under M = 1 superspace transformations, 
even thought in reality it has M = 8 supersymmetry. Thus, we have 

Ss^BLG — £ a Qa£-BLG 

= VpW-f^X^X'^. (54) 

Now in absence of a boundary, we have 

SsCblg = 0. (55) 

In fact, the supersymmetric variation of any superfield theory written in the 
Af = 1 superspace formalism gives rise to a total derivative term [25] . Thus, in 
absence of a boundary this term vanishes and the theory has manifest M = 1 
supersymmetry. 

Now if the full finite gauge transformation of the superfield T a = T ab TaTb 
is given by 

T a ^iuV a u-\ (56) 

where 

u = eM^ AB T A T B ), (57) 

then the gauge transformation of the superfield ui a = u) AB TaTb will be given 
by 

uj a — » uu a u 1 . (58) 
Similarly, the finite gauge transformations of X 1 and X' 1 will be given by 

X IA -> uX\ 

X IA ^ -> X T Ju-\ (59) 

Thus, under infinitesimal gauge transformations the Lagrangian for the W = 1 
non-Abelian Chern-Simons theory will transforms as 

= -^V 2 [/^ ra (V a A)^^ aCD ]|. (60) 
As the covariant derivative of uj a AB vanishes, Eq. (|4"5|) . we get 

Mcs = -^ 2 V a [f ABGD K AB uj a cD]\, (61) 



Now using Eq. [23l we get 

k 

-in 



5C CS = - — h^V) a [f ABCD A A BOJaCD}i. (62) 
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This is a total derivative, so on a manifold without a boundary, we have 

SCcs = 0. (63) 

Thus, the TV = 1 non-Abelian Chern-Simons theory is invariant under these 
gauge transformations on a manifold without a boundary. 

Now after analysing the BLG theory on manifolds without boundaries, we 
will analyse the effect of the boundary on the manifest J\f = 1 supersymmetric 
of the theory. As the supersymmetric variation of the BLG theory gives rise to 
a total derivative term, we have 

8s£-BLG — £ a Qa£-BLG 

= p A1 [$( 7 ^r,x / ,x / t)] | 

~ 2? 3 [$( 7 3 ,r,A / ,X / t)] | . (64) 

where ~ indicates that we have neglected the total derivative contribution along 
directions other than x 3 , as they will not contribute. So, in presence of a 
boundary, this supersymmetric variation of the BLG theory will gives rise to a 
boundary term, 

5 s £ BLG =[&( 1 \r',X I ',X I i')} l . (65) 

Thus, the manifest J\f = 1 supersymmetry will be broken in presence of a 
boundary. 

The supersymmetry of the theory can be restored by adding a boundary term 
whose supersymmetric variation exactly cancels the supersymmetric variation 
of the original theory. This has already been done for Abelian Chern-Simons 
theories [251 [25] . These results can be generalised to the present case. The term 
that needs to be added to the original BLG theory can be written as 

Cb,BLG = £b,CS + £>b,KE + £-b,V, (66) 

where £&,cs is the boundary term corresponding to the Chern-Simon term, 
C-b,KE is the boundary term corresponding to the kinetic energy term and Cb.v 
is the boundary term corresponding to the potential energy part term. Now 
£b,cs is given by 

C b ,cs = [f ABCD T a AB n aCD ] | , (67) 

Cb,KE is given by 

C*,ke = ^ 3 [(V a A / ) A (V Q A / t ) A ]|, (68) 

and Ct,v is given by 

C by = \v,\e 1JKL ^ BCD X\X^XiX L D \. (69) 

The resultant theory is given by the sum of these boundary terms with the BLG 
theory, 



£s,BLG — £-BLG + £b,BLG 



±_ {f ABCD T . ABSliiCD + { 1_ v . xI) AB {ViiX , )ab 



,27T rABCD Y I Y Kf Y J V L\ 



(70) 
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It may be noted that only half of the supersymmetry of the original theory 
is preserved on the boundary. In this paper we will keep the supersymmetry 
generated by to Q- and break the supersymmetry corresponding to Q + on the 
boundary, 

SgC s ^BLG = ~Q-a£s,BLG 

= £ a Q-a£-BLG + e<1 Q-a£b,BLG 

= [$'_( 7 3 ,r',x'U 7t ')]| - [<&'_( 7 3 ,r',x'U 7t ')]| 

= 0. (71) 

Thus, the supersymmetric variation of this boundary term exactly cancels the 
supersymmetric variation of the bulk Lagrangian, so the sum of the bulk La- 
grangian and this boundary term preserves half of the supersymmetry of the 
original theory. It was possible to preserve the supersymmetry corresponding 
to Q+ in presence of the boundary if the supersymmetry corresponding to Q_ 
was broken. Thus, we are able to preserve either Af = (1,0) supersymmetry or 
TV = (0, 1) supersymmetry on the boundary, both not both of them. 



5 Gauge Invariance in Presence of a Boundary 

In the previous section we have seen that the original BLG theory is not super- 
symmetric in presence of a boundary. We have also modified the original BLG 
theory by adding a boundary term such that the resultant theory preserved 
half of the supersymmetry even in presence of the boundary. In this section 
we will first observe that the boundary theory is not gauge invariant. We will 
then modify this theory, by adding new boundary degrees of freedom, to make 
it gauge invariant even in presence of a boundary. 

To analyse the boundary effects on the gauge invariance of the BLG theory, 
we first observe that the matter part of the BLG theory is gauge invariant even 
in presence of a boundary, 

8C St KE + SC s ,v = {SjCke + SCb,KE) + (SCv + S£b,v) 

= 0. (72) 

However, the Chern-Simons part of the BLG theory is not gauge invariant in 
presence of a boundary term. This is because the infinitesimal gauge transfor- 
mation of the Chern-Simons term is given by 

S£ s ,cs — SCcs + SCbfiS 

= ^(V 3 V*)[f ABCD (D"A AB u; AB + C™' EF T° CD A EF ) UaCD ]\ 

= -^ 2 [f ABCD (V a A)ABU Ja GD}\. (73) 
Now this can be written as 

S £s,cs = - {rv^) a )[f ABCD k AB uj a c D ]\. (74) 

As there is a boundary in the x 3 direction, we get 

SC S , CS = ^(^ 3 V a -( 7 ^V) a )[/ ABCIJ A ABWaCI) ]| 
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~ ^(V 3 V a -(7 3 V 3 Vr)lf ABCD A AB u aC D}\, (75) 

where ~ indicates that we have neglected the total derivative contribution along 
directions other than a; 3 , as they will not contribute. Thus, the gauge transfor- 
mation of this Chern-Sioms term will be, 

S£ s , s = ^-{5 a b - (i 3 ) a b )V b [f ABCD A' AB u J / aCD } l 



k 

2^ 



{P-V) a [f ABCD K' AB uj' aCD ] v (76) 



So, the Chern-Simons part generates a boundary term in presence of a boundary 
and the BLG theory is not gauge invariant in presence of a boundary. 

It can however be made gauge invariant by adding new degrees of freedom 
on the boundary. Thus, we define a new boundary field v' AB and let vab its 
extension into the bulk. We also let v = vabT a T b . We define generate a gauge 
transformations for v as, 

v -> vu^ 1 . (77) 
We also define T v as the gauge transformation of T generated by v 

r° a =ivV a v- 1 . (78) 

The potential term for the boundary field theory can now be written as 

C p = £ S v,cs — £s,cs- (79) 

Here jC sv ,cs is the Lagrangian obtained by replacing F a by T^. For v close 
to the identity, this is a actual boundary term. However, ever for large gauge 
transformations this can be considered as a boundary term in the sense that 
in the absence of a boundary, this term will have no measurable effects. The 
Lagrangian given by the sum of this term with the ordinal supersymmetric 
Chern-Simons term £ s .cs + £p will now be gauge invariant even in presence of 
a boundary, 

8C s< cs + SC P = 0. (80) 

In fact, this potential term reduces to a generalization of the N = (1,0) Wess- 
Zumino-Wittcn model [29, 30 , if there is no coupling of the boundary theory 
to the bulk fields. Thus, this theory will be given by 

C P = -^(P-VrC^ EF [[(v-'V + v) AB ,(v-'V 3 v) C n] 

x(v- 1 V- a v) E F] r (81) 
We can now add the following supersymmetric gauge invariant kinetic term, 

Ck = -^(P-VYVABCDiv'-^y^iv'-'v+v'f^. (82) 

Z7T 

This term is gauge invariant by itself, SCk = 0. This is a generalization of 
the kinetic term for the TV = (1,0) Wess-Zumino-Witten model [13 ED]. The 
Lagrangian for the boundary theory will be a generalization of the N = (1, 0) 
Wess-Zumino-Witten model 

£bt = £fc + C p . (83) 
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Thus, this Lagrangian also preserves the supersymmetry corresponding to Q-, 
SgCbt = 0. The Lagrangian for the final gauge and supersymmetric invariant 
BLG theory is 

£sg,BLG — £s,BLG + £>U- (84) 

This Lagrangian is invariant under gauge transformations, 

S£sg,BLG = 0. (85) 

and preserves half of the total supersymmetry, 

Ss^sg,BLG — £ a Q-a,£>sg,BLG 

= 0. (86) 

Thus, the BLG theory is made both gauge and supersymmetric invariant 
in presence of a boundary by suitable coupling it to a boundary theory. In 
doing so we also obtained a generalization of the gauged Wess-Zumino-Witten 
model, where the gauge symmetry is generated by a Lie 3-algebra rather than 
an ordinary Lie algebra. 



6 Conclusion 

In this paper we analysed the BLG theory in presence of boundaries in Af = 1 
superspace formalism. It was found that this theory is neither invariant under 
the supersymmetric transformations nor invariant under the gauge transforma- 
tions. However by coupling this theory to a boundary theory it was made both 
gauge and supersymmetric invariant. The supersymmetric and gauge variations 
of this boundary theory exactly canceled the boundary term generated by the 
supersymmetric and gauge variations of this bulk theory. 

In analysing this model we developed a generalization of the gauged Wess- 
Zumino-Wittcn model, where the gauge symmetries are generated by the Lie 
3-algebra rather than an ordinary Lie algebra. It will be interesting to analyse 
certain features of this generalized gauged Wess-Zumino-Witten model in more 
detail. It is possible that this model also obeys a Kac-Moody current algebra. It 
will be interesting to analyse this algebra and study its properties. Furthermore, 
this work can be generalise to superspaces with higher amount of supersymmetry 
and then applied to the study of M2-branes with boundaries. As the BLG 
theory has also been analysed in A/" = 2 superspace [5] [§] , and Af = 8 superspace 
[TOl HTj : it would be interesting to also analyse the the boundary BLG theory 
in these superspaces. 

It may be remarked that before we quantise any gauge theory we have to 
fix a gauge. This is done at quantum level by adding a gauge fixing term 
and a ghost term to the original classical action. This new action is invariant 
under a symmetry called the BRST symmetry. This invariance of the theory 
under BRST symmetry is crucial to show its unitarity. The BRST symmetry of 
Chern-Simons theory has been thoroughly investigated [3TJ [32] and the BRST 
symmetry of Af = 1 super-Chern-Simons theory has also been studied in the 
superspace formalism 33 3 1 . The BRST invariance of ABJM theory has also 
been studied [35]. It will be interesting to analyse the BRST symmetry for the 
BLG theory in presence of a boundaries in Af = 1 superspace formalism. It is 
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expected that the original BLG theory will not be invariant under the BRST 
transformations. However, a sum of the original BLG theory with the suitable 
boundary theory can be made BRST invariant. 
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